A Folkman graph is a K 4 -free graph G such that if the edges of G are 2-colored, then there exists a monochromatic triangle. Erdős offered a prize for proving the existence of a Folkman graph with at most 1 million vertices. In this paper, we construct several "small" Folkman graphs within this limit. In particular, there exists a Folkman graph on 9697 vertices.
Here we claim the reward. Theorem 1.
f (2, 3, 4) ≤ 9697.
In fact, we construct several "small" Folkman graphs. This paper is organized as follows. In section 2, we use spectral analysis to establish a sufficient condition for G → (K 3 ) 2 . This allows us to test a set of graphs efficiently. In section 3, we examine a special class of graphs and find four "small" Folkman graphs.
Spectral analysis.
2.1. Localization. Our starting point is the following lemma from Spencer [10] . We will use the following notation.
For any graph H and a vertex-set partition V (H) = X ∪ Y , let e(X, Y ) be the number of edges in H with one end in X and the other end in Y . Let b(H) be the maximum of e(X, Y ) among all partition V (H) = X ∪ Y .
Consider a random partition V (H) = X ∪Y by putting each vertex independently into X or Y with equal probability. The expected number of e(X, Y ) is exactly
Supposing G → (K 3 ) 2 , we see that the edges of G can be colored in red and blue with no monochromatic triangle. For each triangle, there are two possible colorings (two red edges and a blue edge or vice versa). Each triangle has two vertices incident with a red edge and a blue edge. Thus |{xyz : xy is a red edge, xz is a blue edge, and yz is an edge}| = 2|{all triangles}|. Lemma 1 (see Spencer [10] ). 
If in addition G
For any set S ⊂ V (H), the volume of S is defined as
Proof. For any partition of the vertex set V (H) = X ∪ Y , let 1 X be the ndimensional column vector whose entries are 1 if the index is in X and 0 otherwise. The vector 1 Y is defined similarly. By definition, we have
From (1), we have
Thus, 0 is always an eigenvalue of M and 1 is the corresponding eigenvector.
From (2), we can rewrite
We have
Here we use the fact that M · 1 = 0. Let ρ be the largest eigenvalue of −M . By assumption, ρ < 2δd. We have
Apply the Cauchy-Schwarz inequalities to Vol(X)Vol(Y ) and to |X||Y |. We have
Since this holds for any partition X ∪ Y , we have
H is δ-fair as claimed.
Corollary 2. Suppose H is a d-regular graph and that the smallest eigenvalue of its adjacency matrix A is greater than −2δd. Then H is δ-fair.
Proof. Since H is d-regular, we have d = d1 and Vol(H) = nd. Thus,
Note that 1 is the eigenvector of A with respect to the eigenvalue d. Suppose α is another eigenvector of A with respect to an eigenvalue λ (λ = d). The eigenvector α is orthogonal to 1. We have Mα = Aα = λα. Suppose A has eigenvalues
. . , λ n−1 , and 0. In particular, the smallest eigenvalue of M equals the smallest eigenvalue of A. The conclusion follows from Lemma 2.
Remark. The largest Laplacian eigenvalue of graph H can also be used to derive the δ-fairness of H. However, in practice, it is not as effective as the matrix M .
The spectrum of circulant graphs.
Let Z n = Z/nZ be the cyclic group of order n. A circulant graph H generated by a subset S ⊂ Z n is a graph with the vertex set V (H) = Z n and the edge set E(H) = {xy | x − y ∈ S}. Here S ⊂ Z n is a subset satisfying that
• if s ∈ S, then −s ∈ S;
• 0 ∈ S. The following lemma determines the spectrum of circulant graphs. Proof. Let J = (J ij ) be the adjacency matrix of the directed cycle on n vertices. Namely, J ij = 1 if j − i ≡ 1 mod n, and 0 otherwise. The adjacency matrix of the circulant graph generated by (Z n , S) can be expressed as
We identify elements Z n with 0, 1, 2, . . . , n − 1 and define a polynomial f (x) = s∈S x s . Note that A = f (J). The eigenvalues of A are completely determined by the eigenvalues of J and the polynomial f (x).
Let ρ = e 2πi n denote the primitive nth unit root. We observe that J has eigenvalues
Thus, the eigenvalues of A are
Since A is symmetric, the above eigenvalues are all real. For i = 0, 1, 2, . . . , n − 1, we have 
We observe that • if −1 ∈ S, then for any t ∈ S, −t ∈ S;
• with inherited multiplication from Z m , S forms an abelian group isomorphic to Z n . Definition 2. We define graph L(m, s) to be the circulant graph on m vertices generated by
The graph G = L(m, s) is a vertex-transitive graph on m vertices. All local graphs G v are isomorphic to each other. The following lemma shows that G v is also a circulant graph under isomorphism.
Lemma 4. The unique local graph of L(m, s) is isomorphic to a circulant graph of order n.
Proof. The local graph H of L(m, s) can be described as follows. 1. V (H) = S.
E(H)
= {xy | x ∈ S, y ∈ S, and x − y ∈ S}. We define a bijection f : Z n → S which maps i to s i mod m. This is a well-defined map since s n ≡ 1 mod m. The map f is a group isomorphism from Z n to S: 
